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Exercise 1. Consider the points (x =
π

2
, y = −π

2
), (x = −π

2
, y =

π

2
), (x = −π

2
, y = −π

2
). Are these

points stationary points of the following functions? If so, of what type?

F (x, y) = sinx+ sin y

G(x, y) = cosx+ cos y

Remark 1. We’ve renamed the second function from F to G for clarity: we’re going to work them both
at once, as the process (and the functions) are very similar.

To get an idea, of what we could expect, we can start by plotting those functions, on a range containing
those points:
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F (x, y) = sin(x) + sin(y)

0
90

180
270

360

90

180

270

360

−2

0

2

x
y

G(x, y) = cos(x) + cos(y)

For F , we seem to have:

• a local maximum at (
π

2
,
π

2
) (not asked);

• a local minimum at (−π

2
,−π

2
);

• two saddles at (
π

2
,−π

2
) and (−π

2
,
π

2
).

And for G, (π, π) seems to be a minimum (not asked); all other points don’t seem to be much of interests.
It seems we have some maximums on the corners (e.g. (0, 0)), and perhaps some saddle points in between,
but not only the graph isn’t complete enough to tell, and we’re not asked about those points anyway.
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Analytically, this requires us first to determine if those points are stationary, and then to compute all
the second order derivatives for both functions, so as to apply the second partial derivative test. Let’s
start by computing all the derivatives we’ll need:

Fx(x, y) = cosx; Gx(x, y) = − sinx

Fy(x, y) = cos y; Gy(x, y) = − sin y

Fx,x(x, y) = − sinx; Gx,x(x, y) = − cosx

Fy,y(x, y) = − sin y; Gy,y(x, y) = − cos y

Fx,y(x, y) = 0; Gx,y(x, y) = 0

Fy,x(x, y) = 0; Gy,x(x, y) = 0

Remark 2. Remember that φx,y means the second order derivative obtained by first differentiating on x,
then on y. Also remember that by Clairaut’s theorem1, we could have assumed, in the context of classical
mechanics, the symmetry of the second order derivatives; they are all really trivial to compute in the
present case.

Let’s recall the definition of Hessian matrix, wrapping the second order derivatives of a scalar field Φ:

HΦ =

(
Φx,x Φy,x

Φx,y Φy,y

)
In our case, because the mixed derivatives are zero, it will have the following form, both for F and G:

HΦ =

(
Φx,x 0
0 Φy,y

)
And so the determinant and trace will be, again for both F and G:

Det(HΦ) = Φx,xΦy,y; Tr(HΦ) = Φx,x +Φy,y

Now, points are stationary when all first-order derivatives are zero at once. We can then determine
whether they are local minimum/maximum or saddle points using the second partial derivative test 2:

• Det(HΦ) > 0 and Tr(HΦ) > 0 : local minimum;

• Det(HΦ) > 0 and Tr(HΦ) < 0 : local maximum;

• Det(HΦ) < 0: saddle;

• Det(HΦ) = 0: inconclusive (this case isn’t mentioned in the book).

P Fx = cosx Fy = cos y Fx,x = − sinx Fy,y = − sin y Det(HF ) Tr(HF ) Type

(
π

2
,−π

2
) 0 0 −1 1 −1 0 saddle

(−π

2
,
π

2
) 0 0 1 −1 −1 0 saddle

(−π

2
,−π

2
) 0 0 1 1 1 2

local
minimum

As far as G is concerned:

x ∈ {π
2
,−π

2
}, Gx(x, y) = − sin(x) ⇒ Gx(x, y) ̸= 0

y ∈ {π
2
,−π

2
}, Gy(x, y) = − sin(y) ⇒ Gy(x, y) ̸= 0

That is to say, the first derivatives don’t go to zero for any of those points, hence none of them are
stationary points for G to begin with.

1https://en.wikipedia.org/wiki/Symmetry_of_second_derivatives
2https://en.wikipedia.org/wiki/Second_partial_derivative_test
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