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Exercise 1. Confirm Eq. (3). Also prove that
V;;Aj — V}Ai = Zeijk (‘7 X A)
& (2
Let’s recall that the Levi-Civita symbol is defined by:
+1 if (¢,5,k) is (1,2,3),(2,3,1), or (3,1,2),

e =4 —1 if (4,4,k) is (3,2,1),(1,3,2), or (2,1,3
0 ifi=j orj=k ork=i

~

b

Eq. (3) refers to:

(V5 4) =S entide
7 k

So the idea is to express the components of the cross-product of two 3D vectors with the Levi-Civita
symbol. Let’s have a look at the components of the cross-product of two vectors:

(V ff)w = V,A.-V.A,
(17 X A’)y — VA, - VoA,
(V x /T)z = VoA, - V,A,

Remark 1. There’s a typo in the book the last term should contain an A,, but the book says its an A, .
There’s another typo in the exercise actually; we’ll get to it in a moment.

Observe that somehow, all those components are ”equivalent”, or ”symmetric”: for instance, we can get
the second line from the first, by renaming in the first by y, y by z and z by =.

This implies that to verify Eq. (3), we can satisfy ourselves with doing it only for one component, as
the procedure would be exactly similar for the two others. So, let’s get going, for instance by trying to
prove the first line:
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(Vx/f) = ZZ%;‘kVJ‘Ak
ik

= €xak VeAi + €x VA + €xzk VoA
;\’13 kzykukzk: K Ve Ay

=0 k
= Z (ewyk‘/yAk + ewszzAk)
k
= em;x VyAy + eizx V., A, + exl;y VyAy + €oay Vo Ay + €0y VyAs + eizz V. A,

= €xzy ‘/sz + €xyz VtgAz
et ey

For similar reasons (symmetry), we only have to consider the case e.g. @ = x of the remaining equa-
tion to be done with it, as the two others would be derived identically, but for some systematic renaming.

We then have three sub-cases, depending on the value of j. If j = i(= z), then one one side:

Vid; = V;A; = VA = V;A; =0

Zw(ff'xﬁjzz()

k20

And on the other:

And so the equation holds. Now let’s consider the case where j = y. One one side we have:

Vid; — V; Ay =V, Ay — VA,
And on the other:

Z%J’k (\7 X ff)w = Zemjk (VyAZ — VZAy)
k k
= > o (Vod: = V24,

k

= (VUAZ - Vsz) (€xya + €xyy + €xyz)
=0 =0 =1
= VyA, =V, Ay

Well, the computations are right, but obviously the result isn’t! There’s a typo in the book: we're
expected to prove:

V;Aj — V}Al = ;Q’jk (V X A)k
So, let’s start again the development of the right hand side:

gem(v < &),

3 i (V 5 A)
k

%?(VXA)x+E\i%E(‘7XA>y+E\i?(VXA
_ (sz)z
- VoA, =V, A, O

Which corresponds to the left-hand side. Let’s do it once more with j = z. On one side:

z

‘/z'Aj - V]A’L = VacAz - VzAx
On the other:



;em(v <)



