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Exercise 1. Show that the inner product defined by Eq. 1.2 satisfies all the axioms of inner products.

Let us recall the two relevant axioms:

Axiom 1.

⟨C|
(
|A⟩+ |B⟩

)
= ⟨C|A⟩+ ⟨C|B⟩

Axiom 2.
⟨B|A⟩ = ⟨A|B⟩∗

Where z∗ is the complex conjugate of z ∈ C

And let us recall Eq. 1.2 of the book:

⟨B|A⟩ =
(
β∗
1 β∗

2 β∗
3 β∗

4 β∗
5

)
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α2

α3

α4

α5


= β∗

1α1 + β∗
2α2 + β∗

3α3 + β∗
4α4 + β∗

5α5

For the first axiom, considering ⟨C| = (γ∗
1 γ∗

2 γ∗
3 γ∗

4 γ∗
5 ):

⟨C|
(
|A⟩+ |B⟩

)
=

(
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4 γ∗
5
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5 (α5 + β5)

=
(
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5α5

)
+
(
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5β5

)
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+
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= ⟨C|A⟩+ ⟨C|B⟩
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Before checking the second axiom, let us observe that for (a, b) = (xa + iya, xb + iyb) ∈ C2:

(ab)∗ =
(
(xa + iya)× (xb + iyb)

)∗

=
(
xaxb − yayb + i(xbya + xayb)

)∗

= xaxb − yayb − i(xbya + xayb)

= (xa − iya)× (xb − iyb)

= a∗b∗

Remark 1. We could have derived it using complex numbers’ exponential’s form:

(ab)∗ =
(
rarbe

i(θa+θb)
)∗

= rarbe
−i(θa+θb)

= a∗b∗

Hence, regarding the second axiom:

⟨B|A⟩ =
((

⟨B|A⟩
)∗)∗

=
((

β∗
1α1 + β∗

2α2 + β∗
3α3 + β∗

4α4 + β∗
5α5

)∗)∗
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)∗

= ⟨A|B⟩∗
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