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Exercise 1. a) Rewrite Eq. 7.10 in component form, replacing the symbols A, B, a, and b with the
matrices and column vectors from FEqs. 7.7 and 7.8.

b) Perform the matriz multiplications Aa and Bb on the right-hand side. Verify that each result is a
4 x 1 matriz.

¢) Ezpand all three Kronecker products.

d) Verify the row and column sizes of each Kronecker product:
e ARB :4x4
e a®b:4x1
e Aa® Bb : 4x1

e) Perform the matriz multiplication on the left-hand side, resulting in a 4 X 1 column vector. Each row
should be the sum of four separate terms.

f) Finally, verify that the resulting column vectors on the left and right sides are identical.

Recall Eq. 7.10
(A® B)(a ®b) = (Aa ® Bb)

And Eq. 7.7 and 7.8:

AnBii AnBia ApBii AeBio a11b11
A9 B = A11Ba1 A11Bas A12Boy A19Ba | (a11> ® (b11> _ | @112
Ao Bi1 Ao1Bia AxeBi1 AxeBio | a21 ba1 a1b11
Ao1By1 A1 Bay AxaBay AzaBag az1bay

Our goal is to prove Eq. 7.10 by following all the recommended steps. It’s a bit tedious, but otherwise
presents no major difficulties.

a) Let’s rewrite the equation (that’s still to be proved) in component form:

(A® B)(a ®b) = (Aa ® Bb)

< (G G B (G)e ()= (G 22 G) = (G 22) Ga)))
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b) Let’s expand Aa and Bb:

Aa — (Au A12> <a11> _ <A11a11 +A12a21> . Bh— <B11 B12) <b11> _ (Bnbu +B12521> )
Ag1 Az \an Agrary + Agzao )’ Ba1 Baz ) \b2 Bs1b11 + Bagba1 )’
From Eqs. 7.7 and 7.8, we can see that all Kronecker products indeed expand to 4 x 1 matrices.
Equation 7.10 is then equivalent to:

A A ® Bi1 By an o b1 _ Arrai1 + Aizan ® Bi1b11 + Bi2bay
Ag1 Agp By1 B a1 bo1 Asrai1 + Axan B31b11 + Bagbay

¢), d), e), f) I'll be mixing all those steps together, because this is fairly trivial. First, A® B and a ® b
are respectively Eqgs. 7.7 and 7.8. This gives us already:

AnBu AuBia A12Bin A1aBia a11b11
A11Bo1 A11Boy A12Boy Ai19Ba a11b21 _((A11a11+A12a21>®<Bllb11+312521>>

A21B11 A21Bia AxBii A Bio anbir | — \\Aarair + Agag Bg1b11 + Bagboy
A21Ba1 A21Boy AxaBoi A B a21b21

It remains to expand the last Kronecker product, for which we can use 7.8:

AnBii AnBiz ApBir AeBio a11b11
AnBar AnBay A12Bay ABas | | anba
Ao1Bi1 A21Bia AxaBi1 AxeBia az1b1q
Ao1Ba1 Ao1Bay  AzaBay AzaBaa az1bay

(A11a11 + Ar2a21)(B11b11 + Biabar)
| (Ar1a11 + Aiga21)(Baibii + Bagbar)
| (A21a11 + Ag2a21)(B11b11 + Bigbar)

(Ag1a11 + Azza21)(B21b11 + Bagbor)
AnBiianbi + A Braagibay + AjpBriagiby + A1z Biaagiba
A11Ba1a11b11 + A1 Bazaq1bar + A2 Baiagi by + A2 Basagi by
A1 Bi1a11b11 + Ag1B12a11b21 + AgeBiiaz1bi1 + Az Bi2aziba
Ag1Ba1a11b11 + A1 Basaiibar + AgaBaiagibin + AzaBasasibag

And it’s now trivial to verify that this holds, as expected. [



