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Exercise 1. Verify the numerical values in each rap sheet.

Remark 1. This is a long "solution”: I’'m taking the time to rederive some results that were previously
established either in the course, or in earlier exercises, while, clarifying what I think is a important source
of confusion: the elements of an Hilbert space (the so-called ”state-space”) aren’t the states of a quantum
system. More on that when exploring the singlet state.

Some numerical results have been automatically computed by a R script, inlined at the end of this exercise.

Let’s start by recalling a few things before diving in.

We are, as usual, in the case of two spin systems, one for Alice, S, one for Bob, Sg. A composite
system Sap is then created from those two via a tensor product.

When relevant, we’ll be using the usual ordered bases:
o {lu),[d)} for Sa;
o {lu},[d}} for Sp;
e and {|uu), |ud), |du), |dd)} for Sap.

Then, let’s recall the Pauli matrices corresponding to the observables associated to the spin ”compo-
nents”: (from Eqgs. 3.20, at the end of section 3.4)
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Implicitly, the matrices are expressed in the ordered basis of the corresponding sub-system, S4 for o
and Sp for TiBE We will also need the matrix forms for the lifted operators from the sub-systems to the
composite system, where I is the identity operator on S4 and I” the identity operator on Sp, again
implicitly relying on S4p’s usual ordered basis.

Remark 2. We could have used the equivalent tables provided in annexes in the book, or the results of
previous exrercises.

Remark 3. Note that the final result appears twice below: this isn’t an error. The first occurence is a
manual computation, while the second has been automatically performed in R.

1Strictly speaking, the operators aren’t equal; their matrix representation in their respective-basis are. The equals signs
are to be understood in this context.
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We'll also need a few more ”combined” observables. I'll skip the manual matrix multiplication here:
those have been automatically computed by R:

1 0 0 0 1 0 0 0
o 0=t 00 o -1 0 0
T==109 0 -1 o’ z0== o 0 -1 0
0 0 0 1 00 0 1
000 1 0 00 -1
0010 0 01 0
Tz0x =109 1 0 0|l° ™%~ |0 10 o0
100 0 100 0

Finally, let’s recall one more time the formula for the expectation value (L) of an observable L of a
system in a state |U):
(L) = (V|L|w)

Product state

We're starting from the following state-vector for the composite system, and using various properties of
the tensor product of vector states we progressively reach:

V) = auBuluu) + ayBalud) + aaBuldu) + aaBaldd)
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We've verified that this particular composite state is a state product: it can be expressed as the tensor
product of two states, |¢) € S4 and |} € Sp.

The normalization condition yields:
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We’ve verified consistency of the normalization condition between the composite system, and the sub-
y p y ,

systems: our composite state vector is normalized iff the individual vectors from the sub-systems are
normalized.

Moving on to the density matrices, let’s do the reasoning for Alice’s state only, as the same argument
applies to Bob’s. Let’s first stay in S4. We know that the subsystem’s state is a pure state |¢): it’s a
convex combinatimﬂ with a single term. The density matrix p? is thus:

A _ _ [ Qu x W om0y g0l
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It is immediate to check that p? is Hermitian (p* = (p4)T, as (a,a)* = agal). Furthermore:

Tr(p?) = ayal + agal; = 1 (because of the normalization condition)

We also have:
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_ =1 =1
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And naturally, Tr((p?)?) = Tr(p) = 1. Those last two conditions are indeed we expect for a pure state.

Let’s move on to diagonalizing p?. As usual, eigenvectors |)\) are tied to their corresponding eigenvalues

%https://en.wikipedia.org/wiki/Convex_combination
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Let’s verify that the eigenvector | A1) associated to A = 1 is indeed the wave-function associated to Alice’s
sub-system, i.e with components o, and ayg

oy (0 + afag)
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Again, by symmetry, we immediately have for Sp:

o ) e -

Same eigenvalues/eigenvectors.

What about Sap? Well, |¥) still is a pure state in S4p, meaning, its density matrix again is a convex
combination involving a single term; expanding it as a matrix in S4p’s usual ordered basis yields:

auﬁu

_ _ O[u/BCl * * * *

p=1¥)(¥| = o ((auﬂu) (ufBa) (aBu)* + (aBa) )
aaf

O‘uﬁua;ﬁ; auﬂua:/ﬁz auﬂua:lﬁz auﬂua;;ﬂ;
ayBacy, By awBacy,By  aufaciBy  awBacy By
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Because this is again a pure state, this time in the S4p system, we expect the usual formulas to hold.
Let’s check them for good measure:

TT(P) = auﬁua:;ﬁ; + O‘uﬁda:ﬁ; + adﬁua:;ﬁ; + adﬁda:lﬂs
ooy, (BuBy + BaBa) +oacg (BubBy + Baba)

=1 =1

= 1

The following is going to be too tedious to do by hand:

aufuay, By auBuay By auBuayBy  auBualBy\ [aufucs,By auBuany By uBualfy awBuaB]

2 _ auﬁdaZBZ auﬁda:iﬁ; auﬂda:;BZ auﬁdaj;ﬂ; auﬂda;;ﬂ; auﬁda:iﬁ; auﬁda:;ﬂ; auﬁdaj;ﬂ;
p agBu, By aafucy,By  aaBuallBs  aafuayBy aafucy, By afucy,By  aaBualfy  aafucyBy
aafacy, By afacy, By aaBaayBy  aaBacy By aafacy, By afacy, By aaBaayBy  aaBacyBy

= p

With some text reformatting and a few tweak, we can convert the ¥XTgXcode in a Wolfram Alpha matrix:



{{a ¢ Conjugate(a) Conjugate(c),a c Conjugate(a) Conjugate(d),
a c Conjugate(b) Conjugate(c),
a ¢ Conjugate(b) Conjugate(d)},
{a d Conjugate(a) Conjugate(c),
a d Conjugate(a) Conjugate(d),
a d Conjugate(b) Conjugate(c),
a d Conjugate(b) Conjugate(d)},
{b ¢ Conjugate(a) Conjugate(c),
b ¢ Conjugate(a) Conjugate(d),
b ¢ Conjugate(b) Conjugate(c),
b ¢ Conjugate(b) Conjugate(d)},
{b d Conjugate(a) Conjugate(c),
b d Conjugate(a) Conjugate(d),
b d Conjugate(b) Conjugate(c),
b d Conjugate(b) Conjugate(d)}}

And use for instance the web interface (see https://www.wolframalpha.com/input?i2d=true&i=Powery

5B, 7BY,7Ba+c+Conjugate,5C%28407%29a%5C%28417%29+Conjugate’,5C%2840%29c%5C%2841%,297%2Ca+c+Conjugate’,
5C7%2840%29a%5C%2841%29+Conjugate’5C%2840%29d7%5C%2841%,29%2Ca+c+Conjugate’,5C%2840%29b%5CH
2841%,29+Conjugate’,5C%2840%29c%5C%2841%29%2Ca+c+Conjugate’,5C%2840%29b7%,5C%2841%29+Conjugate
5C%2840%29d%5C%2841%29%7D%2C},7Ba+d+Conjugate’,5C%2840%29a3,5C%2841%29+Conjugate’,5C%2840%29c%
5C7%2841%,29%2Ca+d+Conjugate’,5C%2840%29a75C%2841%29+Conjugate,5C%28407%29d7%,5C%2841%29%2Ca+
d+Conjugate5C%2840%29b%5C%2841%29+Conjugate’,5C%2840%29c5C%2841%29%2Ca+d+Conjugate’5CY,
2840%2907%5C%28417%29+Conjugate’5C%2840%29d7%5C%2841%29%,7D%2C}7Bb+c+Conjugate’,5C%2840%29aj
5C%2841%29+Conjugate’,5C%2840%29c%5C%2841%29%2Cb+c+Conjugate,5C%2840%29a%5C%2841%29+Con jugate’,
5C%2840%294d%5C%2841%29%2Cb+c+Conjugate’,5C%2840%29b7%,5C,2841%29+Conjugate’,5C%2840%29c%5CY
2841%,29%2Cb+c+Conjugate’5C%2840%29b%5C%2841%29+Conjugate’,5C%2840%29d%5C%2841%29%7D%2CY, 7Bb+
d+Conjugate5C%2840%29a%5C%2841%29+Conjugate,5C#2840%29c,5C%2841%29%2Cb+d+Conjugate5CY,
2840%29a%5C%28417%29+Con jugate’5C%2840%29d7%5C%28417%29%2Cb+d+Conjugate5C2840%29b%,5C%2841%
29+Conjugate5C%28407%29cY,5C%2841%29%2Cb+d+Conjugate’,5C%2840%29b%5C%28417%,29+Conjugate’,5C%
2840%29d7,5C%,2841%29%7D%,7D%2C2%5D)) to make sure it works:

aca*c® aca*d® ach*c® ach*d
ada’ ¢ ada*d” adb*c” adb™d’
beca'c® bca'd” becb™c beh' d
bda*c* bda'd" bdb'c" bdb"d’

aca’'c® aca’d ach'c ach d

, , \ .. |ada’c® ada*d” adb’c® adb™d’
-+ bl Hdd) bca*c¢® bca*d® bcbh*c bech*d
bda*c* bda*d® bdb'c* bdb"d’

POWERED BY THE WOLFRAM LANGUAGE

Remark 4. The leading factors correspond to the norms of the sub-system states: it’s a 1 in disguise.
It follows that Tr(p?) = Tr(p) = 1.

We’ve already brushed upon it, but let’s make things crystal clear regarding the wave-functions: we have
one wave function for each sub-systems:

VAw) = aus P (lu}) = Bus
VAd) = aa; $P(|d}) = Ba
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https://www.wolframalpha.com/input?i2d=true&i=Power%5B%7B%7Ba+c+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Ca+c+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%2Ca+c+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Ca+c+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%7D%2C%7Ba+d+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Ca+d+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%2Ca+d+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Ca+d+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%7D%2C%7Bb+c+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Cb+c+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%2Cb+c+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Cb+c+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%7D%2C%7Bb+d+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Cb+d+Conjugate%5C%2840%29a%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%2Cb+d+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29c%5C%2841%29%2Cb+d+Conjugate%5C%2840%29b%5C%2841%29+Conjugate%5C%2840%29d%5C%2841%29%7D%7D%2C2%5D

And a wave-function for the composite system, which indeed factorize as a product of the sub-systems

wave-functions:

Finally, we can crunch some numbers using the usual expectation value formula, using the matrices for
the spin observables we’ve re-established earlier. This could have been automated, but I haven’t looked

much into how to perform symbolic computation with R.

= o O
o O O

(o0) = (Wloal®) = (@355 0l i oifi )
0 1
dfu
(038 i ais a3si ) | ol

auﬁd

10 By
01 auﬂd
0 0 adﬁu
0 0/ \agBq

= az&zadﬂu + O‘Zﬂ;adﬂd + a;ﬂzauﬂu + a;kiﬁ;auﬂd
= BrBu(anag + ajon) + B Ba(a)cq + ajjou,)

= (ag,aq + agay) (B Bu + BiBa)
—_———
=1
= ajaq+ ajay,
= <0'w>2 = (a4 + O‘ZO‘U)Q

= (aZozd)Z + 20 o goyon, + (oz:lozu)Q

O = O O
<. O O O

(o) = (Wloy|¥) = (aufl oufs 0ify aufy ) (

—i 0 QB
0 —1 auﬁd
0 0 adﬁu

0 0 aqfq

70‘d5u

QyBu
auﬁd

. —QgqOd
i(onBy onB; gy aysy )| 0P

i(_a25zad6u - aZﬁ;adﬁd + a;ﬁzauﬂu + a;ﬁ;auﬂd)

i(—agaq + agay) (B, Bu + BaBa)
——————
=1
= i(—ajaq+ ajon)
= (o)’ = (i(—afag+ afa,))?

= - (oz;au)2 + 200,00 g — (ozjiozd)2



1 0 0 0 auBu
)= (Wonl®) = (aif; eifi i i )|g o o | |0
00 0 -1 gy
B
= (B i aaf eass )| 0%
—aqfy
—qfa
= oy BuonfBu + g BonBa — agBaaBu — agBioaBa
= Bubulogau — agaq) + Bifala,au — agaq)
= (agou — agaq) (B.Bu + Baba)
=1
= alay, —ajog
= <UZ>2 = (oo — O‘:lad)z
= (afawn)? =20t auadog + (afag)?
We can now compute:
<‘7w>2 + <0'y>2 + <0'z>2 = (aiad)Q + 200, g, + (O‘ZO‘u)2
— (afe)? + 20500t ag — (afog)?
+ (afan)? = 20t agahag + (ahaq)?
= (O‘Zau)2 + 200, ugorg + (azad)Z
= (afay + ajay)?
—_—
=
Moving on to the other spin ”components”:
01 00 @y Bu
(o) = (V|ra|¥) = (aifBy oufi agfs aifi ) (1) 8 8 (1) 3;‘?3
0 0 1 0 aqfBd
ayfd
= (s eisr s s ) |0
Qdfu

= o froyBa+ o) fon by + agBhaafa + aiBioafy
= oo (ByBa + ByBu) + ajaa(ByBa + Bibu)
(B3Ba + BiBu) (g on, + ajog)

=1

= BZﬂd + B;Bu

Remark 5. At this stage, it’s important to observe than up to a renaming (8 < «), this is the same
expression we had for (o). And it makes sense given how symmetrical the "physical” situation is. We
expect to find the same thing for the two other components: if this is the case, we could then directly
conclude (3)° + (1) + (12)° = 1, without additional computations.



(Ty) = (V|my|¥) = (B By aufy 0ifbi )

_ iy anBy anBr angi )

0 —i 0 0\ [auwb
i 0 0 0| |aws
0 0 0 —il|agss
0 0 1 0 adﬂd
_auﬁd
By
—aqfa
adﬂu

= i(—aq BucfBa + g Baanfu — agByaaBa + agfioabu)

= i(ag, o (=B Ba + BiBu) + agaa(—BuBa + Bibu))

= i(=Buba+ Babu) (cq,0u + agaa)
=1
= i(=BuBa + Babu)

=pea (Oy)

(12) = (V][ V) = (enBy 0By auBy iy )

= (03Bs aufy by aafy )

= o BBy — o BaowBacgBycaBu

= (B Bu — BiBa) + agaa(Byu

= (BuBu — Baba) (a0 + gaa)
\—:,1_./

= BBy — BiBa

=gea (0z)

Hence by our previous remark, indeed:

<Tm>2 + <Ty>2 + <TZ>2 =Ba <0'2>2 + <Uy>2 + <O'Z>2 =1

Moving on to the correlation:

(0:T2) = (Yo7 |¥) = (O‘ZB; ayBy  agBy  agBy )

(arBy auBs auBy aiBy )

1 0 0 0\ [owbs
0 -1 0 0| aws
0 0 1 0 By
0 0 O -1 adﬂd
ay By

_auﬂd

adﬂ?t

—aafq

—ayfBiaaBa

— BaBa)

1 0 0 0\ [ofBa
0 -1 0 0| awss
0O 0 -1 0 aqBuy
0 0 0 1 Oldﬂd
QyBu

_auﬁd

70‘d/8u

aqfd

= a,Byaufy — oy BaonBa — agBioabu + ogBiaaBa

= (agon — agaq) (8,8 — BiPa)
=(02) =(7z2)

& |(27s) — (02) (1) =0

oo (ByBu — BaBa) — agaa(B,Bu — BaBa)

Singlet state



The singlet state is characteristic of a maximally entangled state:
1
V2

This means that we won’t be able to express this state as a tensor product of two states from S, and
Sp, as we just did for a product state.

&) (lud) — [du))

Let’s start with the wave function and normalization, for the composite space: the general form of a
state vector in this space is:

) = uu|uw) + Yyalud) + Yay|du) + Paq|dd)

While the normalization condition translates to:

1) =1 & V(UO) = /O tun + O Cud + Uy + Ulgthaa = 1

But because each individual term under the square root is positive, this is equivalent to:

Yy Vuu + Vhgthud + Vi Vau + Vigthaa = 1

For the singlet state, the wave function is:

|uu) = Yuu =0
" lud) = thyg = 1/V/2
) du) = Ya = —1/V2
|[dd) =  ga =0

It’s trivial to check that it’s normalized.

What’s the wave function for each subsystem state? Well, think about it: if there’s a wave function
for each subsystem, then there’s a pure, normalized state for each subsystem, and then the composite
state can be expressed as a tensor product between those two. Meaning, this composite state would be a
product state. But, it’s claimed here than the composite state is entangled, meaning, it’s not a product
state, and so we shouldn’t be able to find such wave-functions for the isolated subsystems.

We’ve already studied in LO6EO3 why this particular singlet state isn’t a product state, let me recall you
how it went: the idea is to identify the general form of a composite state:

[ ) = Yy |uw) + Yyalud) + Yay|du) + Paq|dd)
With the general form of a product state:
|<D> = auﬁu‘uu> + auﬂd‘Ud> + ad5u|du> + O‘dﬁd|dd>

Which yields the particular following equations systems for the singlet state:

1pud = auﬁd = \}»1

(\)

wdu = Oédﬂu = _%
wuu = auﬁu =0
Yag = aafa= 0
But consider for example the third equation, which implies that at least either a,, = 0 or 3, = 0. In the

former case, the first equation can’t hold, while in the latter, the second equation can’t hold. Hence the
system is inconsistent, and cannot be solved.

This proves that the composite system’s wave-function cannot be factorized.

So what does this mean regarding the states of the subsystems? Surely it conceptually makes sense to
still talk about the existence of such states? Yes, obviously is does and that’s precisely where the notion


https://github.com/mbivert/ttm/blob/master/qm/L06E03.pdf

of density matrix becomes most usefuﬂ to express impure states.

So, let’s move on to density matrices then. Starting with the easiest: the composite system’s: it’s a pure
state so we have (again, the vector /matrix representation depends implicitly on the usual ordered basis):

0 0 0 0 0
p=rwye= | 20 v vz o= {0 1, R
0 0 0 0 0
Let’s verify the usual matrix properties for pure states:
0 0 0 0 0 0 0 0 0

5 o 12 =12 of [0 172 —1/2
0 —1/2 1/2 of|o —1/2 1/2
0 0 0 0/ \0o o0 0

1/4+1/4 —1/4—1/4
—1/4—1/4 1/4+1/4
0 0

cocoo
cocoo
cocoo
|
=

And trivially, Tr(p?) = Tr(p) =1/2+1/2 = 1.

Moving on to the density matrices of the subsystems, that is, on the most accurate state description we
can provide to each subsystems. In the book, we derived a formulaﬂ we first introduced an arbitrary
observable L4, acting on Sy, and upgraded it to the composite system: L = LA @ I5.

Let me rework the proof, while being a bit more explicit. First, component-wise, we have:

Ly 0 Ly O

L L 1 0 0 L 0 L
_raAo B _ (L1 Lio -~ 11 12 _ A
b=Liel”= (L21 Lzz) @ (O 1) “Lu 0 Ly 0|7 Larvab = Laradvo

0 Ly 0 Lo

Now assume we're in a composite state:

Y11
|U) = z;? ; thus: (W\Z(dlﬁ Yia Y3 7/’;2)
Va2

We can then compute the expectation value for L:

<L> = <\IJ|L|\I]> = Z 1p:/b’La’b’,abwab
a,b,a’ b’
= D YawLiaba = > (Z w::/b/wab> Ly a
a’,b,a a’,a b

Pa’a

> (Z(apAa’><a’LAa>>

4 a

5 (z pa.aL;:%,a>

a’ a

> (Z(a’ILA|a><apAa’>>

a’ a a’

| @it <Z |a><al> pa’)
;,_/

_1A
= Y (@I pa)) — TH(LAp") = Tr(p" LY

a’

Where the last equality is an usual property of the trace operator.

3For pure states, the density matrix p is isomorphic to the state |¥): p = |¥) (J|
4p204+, section 7.5 Entanglement for two spins
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And we'’ve already demonstrated in the book, using similar arguments, that

(L) = (¥|L|¥) = Tr(|¥) (V| L) = Tr(pL)
——
=p
So what we’ve proved in the end is that:

(L) = Tr(pL) = Tr(p*L*) = (L*)

That is, we've reduced the density matrix p on the composite system to a density matrix p4 on Alice’s
subsystem.

I’ll come back to this density matrix p# in a moment, but before moving on any further, let me emphasize
a subtle point that I think could have been made clearer in the book. Suppose we’re in a mixed state in
Alice’s subsystem. This means that there’s some amount of chance we’re in this state, or some amount
we're in this other state, and so on, something like:

[y = Pilip1) + Poltba) + ...

But wait a minute, each of those |¢;) is an element of the state space (the Hilbert space), so they can
all be expressed as a linear combination of its basis vectors. In the context of a spin:

W)= Pianlu) + Aild)) + Polaslu) + Bald) + ...
(Z Piai> [u) + (Z Piﬁz‘) |d)

Assuming we renormalize that last state vector if need be, haven’t we just found a wave-function de-
scribing Alice’s state? But haven’t we just stated that we cannot find a wave-function for Alice’s state
because it’s a mixed state?

You could push this thinking one step further: can’t we do the same thing for Bob’s space, and join the
two resulting states with a tensor product?

Well, there’s one considerable issue with the previous reasoning, and I don’t think it’s clear from the
book. So let me emphasize it:

Elements of the so called state-space aren’t states! ‘

Meaning, |¢) isn’t a state! What we have is the following:

The set of all pure states is isomorphic to Sg = {|¥)} |

The most careful definition of quantum system states iﬂ

The states of a (quantum) system are all positive, trace-class, linear maps p : S4 — S4 for which Trp =1

The previous definition accounts for some refinements that will be introduced in the next chapter of
Susskind’s book. For example, a trace-class map refers to a map who has a finite trace: it’s always the
case in a finite dimension vector space, but divergence may occur in infinite dimension vector spaces,
which are mandatory to express position observables for example.

To simplify, such maps corresponds to our density matrices, which as we’ve saw, can encode both pure
and mixed states. We could argue on terminology regarding what a state is: a ”"mixed state” may
only corresponds to the information we have about a state, and not to an actual, physical state, which

5See https://youtu.be/GbqA9Xn_iMO?t=4453
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would justify the less strict terminology, while introducing some confusion on the use of the term ”state”.

It just so happen than for every pure state, there’s a 1 : 1 correspondance with the elements of the
Hilbert "state” space, as p = [¢) (¥].

So we can’t just create a convex combination of ”pure states” (well, something that’s isomorphic to a
pure state in our modern terminology). That’s why when density matrices were introduced in Susskind’s
book, the convex combination was performed over projection operators built from pure states:

p = P1lh1) (1| + Pafahe) (o + ...

And not as I've just show you, directly over elements of the Hilbert space.

Now that we have a clear definition of what a state is, we can check that our matrix p* really is a state:
we want to prove that it’s a positive, trace-class linear map such that Tr(p?) = 1.

It’s clearly trace-class, because we’re in finite dimension: we have a matrix, the trace is a finite sum, it
always converges.

Let me write the matrix in component form:
Z (RN Z V1o

A= b
S unn Y Ukt

b b

Let’s compute its trace:

Tr(p™) = 1011 + oo + P21 + Piothos = (¥|W) =| 1] (as |¥) is normalized)

_ (1/’;11/)11 + Y12 V1Y + ¢f2¢22)
V31011 + V3012 Y3101 + P3aa2

Lastly, as every component of the matrix is a positive real number, I guess this is enough to prove that

p? is positive.

We're ready to move on to verify that (p?)? # p?. After a quick check, I don’t think we reach anything
conclusive by carrying the computation symbolically, so let’s do it numerically:

A)2 _

(» (( 0x0+1/v2x1/v2 0><(—1\/§)+1/ﬁ><0) (1/2 o) :iIA7é”A

—1/vV2) x0+0x (1/v2) —1/vV2x1/vV2+0x0 0 1/2
Clearly, Tr((p?)?) = 2(1/4) = 1/2 < 1, as expected.
Finally, let’s crunch some numbers, using our R script:

(02) = (V|o=|¥) =0;  (02) = (V|ox|¥) =0;  (oy) = (¥[oy|¥) =0

(12) = (U= W) = 05 (72) = (Y|72|V) = 0; (1) = (¥|my[¥) = 0

12



1 0 0 0 0
_ _ 0 -1 0 0 V2 |
<Tz0'z> = <\II|Tz0'z|\I]> = (0 1/\/5 —1/\/§ O) 0 10 _1/\/§ - -1
0 0 1 0
00 0 1 0
B _ 0010 /v2 |
(Te0z) = (U|Tpo|¥) = (0 1/v2 -1/vV2 0) 010 0 e T -1
1 0 00 0
0 0 0 -1 0
0 01 0 1/v2
<Ty°'y> = <\IJ|TyO'y|\I/> = (0 1/\/5 _1/\/§ 0) 0 1 0 0 _1/\/§ = -1
-1 0 0 0 0
1 0 0 0 0
B _ 0 -1 0 0 V2 |
(o2me) = (V]our|¥) = (0 V2 -1V2 0) |, o 4 o v IEE 1
0 0 0 1 0
The last one served to verify the following correlation:
(0272) — (02) (12) = —1
”Near-singlet” state
Starting from the following composite state:
|¥) = V0.6|ud) — V0.4|du)
We can easily identify the wave-function for the composite system:
|uu) — ’(/Ju =0
w . |ud> — ’(/)12 =+/0.6
|du> — 1,[)21 =—v04
|dd> — ¢22 =0
The density matrix for the composite system naturally follows for the definition of the state:
0
_ | V0.6
p= | (V| = _Jod (0 V0.6 —0.4 0)
0
0 0 0 0 0 0 0 0
_ 0 0.6 —v0.6x04 0] [0 0.6 —0.24 0
- 0 —v0.6 x0.4 0.4 o o —v024 0.4 0
0 0 0 0 0 0 0 0
Let’s square it:
0 0 0 0 0 0 0 0
2_ |0 06x0.6+ (—v/0.24)2  —0.61/0.24 — 0.41/0.24 0 _ [0 036+024 —v024 0] _
£ 0 —0.61/0.24 —0.4y/0.24 0.4 x 0.4+ (=/0.24)2 0 0 —v024 0.16+024 0 P
0 0 0 0 0 0 0 0

Immediately, Tr(p?) = Tr(p) = 1.

Again, this is an entangled state: by the same (abstract) reasoning as before, we can’t find a wave-
function for the subsystems, and we must look for a density matrix. I'll skip the details this time:

pras <¢T1¢11 + YTt Ui + wfgilizz) _ (0.6 0 )
V319011 + Y3912 Y311 + P3a100 0 04
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Let’s square it:
A2 (036 0 A
Clearly, Tr((p?)?) = 0.36 + 0.16 = 0.52 < 1.

Let’s crunch some numbers agairﬂ again, this has been automatically computed by the R script:

(02) = (¥|o:|¥) = 0.2 (oz) = (V]ow|¥) =0; (oy) = (V]oy|¥) =0

(12) = (U[7=|¥) = =0.2; (1) = (¥[7a|¥) =0; (1) = (¥[7y[¥) =0

(T202) = (V[r20:|V) = (0 V0.6 —/0.4 0)

coc o~
\
_

—0.9797959 ~ —2v/0.24

i

(To0a) = (Urooal¥) = (0 V06 —V04 0)

o
O OO+ H=HOOO

_ o O o
o= OO

—0.4 ]
0

|
[t

OO = O
S OO
|

(@)
33
=~
|

<Ty0y>: <\IJ|TyUy|\IJ> = (0 m —\/Oj O)

o O O
o = o o

(0212) = (V]|o272|T) (0 V0.6 —v0.4 0)

coom
oo |
R
ol oo
—
—o oo
-
Sl

The last one served to verify the following correlation:

(0272) — (02) (T2) = =1 —-0.2 x (—0.2) = —0.96

For completeness, here’s the aforementioned, self-contained R script. You may want to look at the
IXTEXsource file. I've wrote a separate article (.html)| showcasing various R features used in this script.

#/bin/ Rscript
Quirky, but does the job.

Computes expectation wvalues for a composite
system built from two quantum spins.

Used with either with 1 or 5 arguments:
<operator> [wave—function (uuw, ud, du, dd)]

FEach argument is parsed and evaluated, so you can
use "tau_z J% sigma_x” as an operator for example.

If only an operator is provided (1 arg), its 4xz4 matriz form
1s displayed as LaTeX on stdout.

Otherwise , evaluates the expectation wvalue for the operator
for a system in a state described by the wave—function.

IR R BRI RHR TR, K

6There are a few more than asked
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tmp <— 7 /tmp/R/1ib”
.libPaths (tmp)
dir.create(tmp, recursive = TRUE, mode = ”0755"”)

loadpkg <— function(p) {
if (!require(p, character.only = TRUE)) {
install.packages(p, repos="http://cran.us.r—project.org’, lib=tmp)
library (p, character.only = TRUE)

# 2x2 identity and Pauli matrices

id2 = matrix(c(1, 0, 0, 1), 2, 2)
pz = matrix(c(1, 0, 0, —1), 2, 2)
px = matrix(c(0, 1, 1, 0), 2, 2)
py = matrix(c(0, 1i, —1i, 0), 2, 2)

# Ugprade subsystem spin component operators to the composite system
sigma _z = kronecker(pz, id2)
tau_z = kronecker(id2, pz)

sigma_x = kronecker (px, id2)
tau_x = kronecker(id2, px)

sigma _y = kronecker(py, id2)
tau_y = kronecker(id2, py)

# Fzrpectation value computation
avg <— function (L, psi) {

return ((Conj(t(psi)) %% L %% psi)[1])
}

# Evaluate CLI arguments (e.g. "interpret” "tau_z %% sigma_z”
# as the corresponding observable)
#
# Note that we need a list (lapply), as some of the arguments will be
# wvectors already.
args <— lapply(
commandArgs(trailingOnly = TRUE) ,
function(x) { return(eval(parse(text=x))) }

)

# LaTeX export
loadpkg (7 xtable”)

# See https://tales.mbivert.com/on—exporting—r—complez—matriz—latex/
xtable <— function(x, ...) {

if (class(x[[1]]) = ”complex”) {
7z <— sapply(x, function(y) {
if (y=20 return (as.character (0))

if (Im(y) = 0) return(as.character(Re(y)))

t < 7
if (Re(y) !=0) t < as.character(Re(y))

if (Im(y) = 1) {
( —0) t< 7i7
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else t <— paste(t, "+i7)
} else if (Im(y) —1)
t <— paste(t, 7—17)
else {
if (Re(y) — 0)  t < paste(fm(y), "i")
else if (Im(y) > 0) t < paste(t, "+”, Im(y), "i”)
else t <— paste(t, Im(y), 7i”)

}

return(t)
1)
dim(z) <— dim(x)
xtable :: xtable(z, ...)
} else
xtable :: xtable (x, ...)

}

if (length(args) = 1) {
x <— xtable(args[[1]], align=rep(”” ,ncol(args[[1]])+1))

# 1.00 — 1, in our peculiar case
digits (x) <— xdigits(x)

print (x,

floating = FALSE, tabular.environment = ”pmatrix” ,

hline. after=NULL, include.rownames=FALSE, include .colnames=FALSE
)
a()

} else if (length(args) != 5) stop(”Incomplete-wave-function”)
x <— avg(args[[1]], unlist(args[2:5]))

# avoids some 0+04i; refinable
if (x = 0) {cat(0, "\n”)} else {cat(x, "\n”)}
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